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Abstract 
We show the flaw in a theorem of Konno-Namiki-Soshi-Sudbury in [3], 
provide the necessary correction in the case of the finite Hadamard walk 
and use it to show that a conjecture of Ambainis-Bach-Nayak- 
Vishwanath-Watrous in [1] is false. 
1. Introduction 
Ambainis et al. [1] defined and analyzed quantum computational variants of 
random walks on one-dimensional lattices. Of particular interest is their analysis of 
the Hadamard walk which is a quantum analog of the symmetric random walk. 
Ambainis et al. [1] and Konno et al. [3] have formally defined the notion of the 
quantum walk as well as the Hadamard walk itself, albeit somewhat slightly different 
notations. They both considered absorption problems for the Hadamard walk on the 
sets { }N...,,1,0  and { }...,,1,0  which corresponds to the finite Hadamard walk and 
the semi-infinite Hadamard walk, respectively. In the finite case, we have absorbing 
barriers at 0 and N, whilst in the semi-infinite case we have the absorbing barrier at 
0. The particular interest of Ambainis et al. [1] was the answer to the following 
question: What are the absorption probabilities of the walks? 
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Let 
⎭⎬
⎫
⎩⎨
⎧ =β+α∈⎥⎦
⎤⎢⎣
⎡
β
α=ϕ=Φ 1: 222C  
be the collection of initial quibit states of which the absorption probabilities depend 
upon. For the semi-infinite Hadamard walk, let ( )ϕ∞1P  be the probability that the 
particle hits zero starting from location 1, and for the finite Hadamard walk, let 
( )ϕNP1  be the probability that the particle hits zero starting from location 1 before it 
arrives at location N. For the semi-infinite walk, Ambainis et al. [1] have shown that 
( [ ]) ,21,01 π=∞ tP  whilst Konno et al. [3] gave the following generalization 
( ) ( )βα⎟⎠
⎞⎜⎝
⎛
π−+π=ϕ
∞ Re21221P  for any initial quibit state .Φ∈ϕ  For the finite 
Hadamard walk, Ambainis et al. [1] studied the asymptotic behavior of ( [ ])1,01 tNP  
and concluded  ( [ ])
2
11,01 =tNP  as .∞→N  Unable to derive a closed form 
solution for ( [ ]),1,01 tNP  they conjectured that ( [ ])1,01 tNP  obeys the following 
recursive formula: 
( )( [ ]) ( [ ])( [ ]) ;1,022
1,0211,0
1
11
1 tN
tN
tN
P
PP +
+=+    ,1≥N  
( [ ]) .01,011 =tP  
This recursive formula is Conjecture 11 in [1] stated using the notation of Konno et 
al. [3]. The objective of this paper is to show that ( [ ])1,01 tNP  does not obey the 
above recursive formula. In particular, we will show that the conjecture is false in 
the case .3=N  Let us remark that the conjecture asserts that ( [ ]) .3
21,031 =tP  This 
paper is organized as follows: in Section 2, we show that Theorem 2 in [3] in the 
present state is flawed, and give the necessary correction for the finite Hadamard 
walk. In Section 3, we use the correction to show that ( [ ])1,01 tNP  does not obey the 
recursive formula as mentioned earlier. In particular, we show ( [ ]) .3
21,031 ≠tP  In 
Section 4, we leave the reader with some concluding remarks and further open 
problems. 
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2. The Absorption Probability for the Finite Hadamard Walk 
Recall that the time evolution of the one-dimensional quantum walk is given by 
the following unitary matrix ,⎥⎦
⎤⎢⎣
⎡=
dc
ba
U  where a, b, c and d are complex numbers. 
The unitary matrix of the Hadamard walk is defined by 
.
2
1
2
1
2
1
2
1
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
−== HU  
2.1. The flaw 
If ,HU ≠  then Konno et al. [3] gave a formula for ( )ϕNkP  in Theorem 2 of 
their paper which can be interpreted as the absorption probability for the finite 
quantum walk in one-dimension irrespective of the initial location 
{ }1...,,2,1 −∈ Nk  and the initial quibit state Φ∈ϕ  of the particle. However, we 
note from Theorem 2 of their paper that ( )zpNk  and ( )zrNk  are supposed to satisfy 
( ) ,22 11 −−−+ λ⎟⎠
⎞⎜⎝
⎛ −+λ⎟⎠
⎞⎜⎝
⎛ += kzkzNk EzEzzp  (2.1.1) 
( ) ( ),11 +−−+−+ λ−λ= NkNkzNk Czr  (2.1.2) 
where 
z
zz
2
11 42 +±−=λ±  and zC  and zE  are given by 
zC  
( ) ( )3322 1
2
−−−+− λ−λ−= NNNz  
{( ) ( )( ) ( ) ( ) } 1233322222 1
2
−−+−−−−+−−−+−−−+ λ−λ−−λ−λλ−λ−λ−λ× NNNNNNN z  
 (2.1.3) 
and 
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In the case ,3=N  equations (2.1.2) and (2.1.3) show that ( ) .031 =zr  However, this 
is contrary to the boundary condition ( ) 01 =− zrNN  which evidently shows that 
( ) 01 =zrN  if and only if .2=N  
2.2. The correction for the finite Hadamard walk 
To give the correction in the case of the finite hadamard walk, we begin with the 
following: 
Lemma 2.2.1. ( )zpNk  and ( )zrNk  satisfy 
( ) ( )( ) ( )
( )
( ) ( )
11 −−
−+
+−+
+−
− λλ−λ
λ+λλ−λ
λ= kNN
N
k
NN
N
N
k
zzzp  
and 
( ) ( )( ) ( )
( )
( ) ( ) .
11 +−
−+
+++
+−
− λλ−λ
λ+λλ−λ
λ= kNN
N
k
NN
N
N
k
zzzr  
Proof. Konno et al. [3] have shown that 
( ) ( ) ( )zczrzazpzp NkNkNk 11 −− +=    and   ( ) ( ) ( ).11 zdzrzbzpzr NkNkNk ++ +=  
If HU =  (the Hadamard walk), ( )kkp +λ=  and ( ) ,kkr −λ=  then 
( ) ( ) ( ) 11
22
−−−+ λ+λ= kkNk zzzp  
and 
( ) ( ) ( ) .
22
11 +−++ λ−λ= kkNk zzzr  
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However, Konno et al. [3] have shown that the boundary conditions for the finite 
quantum walk in one-dimension are given by ( ) 01 =− zrNN  and ( ) .1 zzpN =  
Moreover, ( ) ( ) ( ) 11
22
−−−+ λ+λ= kkNk zzzp  and ( ) ( ) ( ) 11 22
+−++ λ−λ= kkNk zzzr  
do not satisfy the boundary conditions. However, the identical nature of the 
coefficients of ( ) 1−±λ k  and ( ) 1+±λ k  implies, we must write ( ) =zpNk  
( ) ( ) 11 −−−+ λ+λ kzkz BA  and ( ) ( ) ( ) ,11 +−++ λ+λ= kzkzNk BAzr  where zA  and zB  
are to be determined from the boundary conditions. Upon determining zA  and zB  
from the boundary conditions, we have ( )( ) ( )NN
N
z
zA
+−
−
λ−λ
λ=  and =zB  
( )
( ) ( ) ,NN
Nz
−+
+
λ−λ
λ  and the lemma follows. 
Now take 
2
1=−=== dcba  in Lemma 1 of Konno et al. [3], and apply 
Fourier inversion, see [2] for example, then the correction for the finite Hadamard 
walk is the following: 
Theorem 2.2.2. ( ) ( ),Re2 32221 βα+β+α=ϕ cccPNk  where [ ] Φ∈βα=ϕ ,t  
and 
( ) ( )∫ π θθ θ+π= 20 21 ,212121 derepc iNkiNk  
( ) ( )∫ π θθ θ−π= 20 22 ,212121 derepc iNkiNk  
( ) ( ) ( ) ( )∫ π θθθθ θ⎟⎠⎞⎜⎝⎛ −⎟⎠⎞⎜⎝⎛ +π= 203 ,2121212121 dereperepc iNkiNkiNkiNk  
where ( )zpNk  and ( )zrNk  satisfy Lemma 2.2.1, and the bar denotes complex 
conjugation. 
Let us remark in the case of the finite Hadamard walk that Theorem 2.2.2 could 
be interpreted as the absorption probability for the particle irrespective of the initial 
location { }1...,,2,1 −∈ Nk  and the initial quibit state .Φ∈ϕ  
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The particular interest of the authors in [3] is the case where ,1=k  
[ ] .1,0 Rt ==ϕ  In this case, we have from Theorem 2.2.2 the following: 
Corollary 2.2.3. For ,2≥N  
( [ ]) ( ) ,2
112
11,0
2
0
2
11 ⎟⎟⎠
⎞⎜⎜⎝
⎛ θπ+= ∫ π θ derP iNtN  
 where ( )zrN1  satisfies 
( ) ( )( ) ( )
( )
( ) ( ) .
22
1 −
−+
++
+−
− λλ−λ
λ+λλ−λ
λ= NN
N
NN
N
N zzzr  
Proof. To see ( )zrN1  take 1=k  in the expression for ( )zrNk  in Lemma 2.2.1. 
Now notice that ( )zrN1  is odd, thus, ( ) ( ),11 zrzr NN =  where the bar denotes 
complex conjugation. The authors in [3] have noted ( ) zzpN =1  for .2≥N   Since 
( ) zzpN =1   is also odd, ( ) ( ).11 zpzp NN =  So 21, cc  and 3c  in Theorem 2.2.2 can 
be written, respectively, as 
( ) ( ) ,
2
1
2
1
2
1
2
1
2
1 2
0
111 ∫ π θ−θ−θθ θ⎟⎠⎞⎜⎝⎛ +⎟⎠⎞⎜⎝⎛ +π= dereerec iNiiNi  (2.2.4) 
( ) ( ) ,
2
1
2
1
2
1
2
1
2
1 2
0
112 ∫ π θ−θ−θθ θ⎟⎠⎞⎜⎝⎛ −⎟⎠⎞⎜⎝⎛ −π= dereerec iNiiNi  (2.2.5) 
( ) ( ) .
2
1
2
1
2
1
2
1
2
1 2
0
113 ∫ π θθθ−θ− θ⎟⎠⎞⎜⎝⎛ −⎟⎠⎞⎜⎝⎛ +π= dereerec iNiiNi  (2.2.6) 
Now simplifying the integrands in (2.2.4), (2.2.5) and (2.2.6), we see that we 
can write 
( ) ( )∫ ∫π π θθ−θ−θ θπ+θπ+= 20 20 111 414121 derederec iNiiNi  
( ) ,4
1 2
0
2
1∫ π θ θπ+ der iN  (2.2.7) 
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( ) ( )∫ ∫π π θθ−θ−θ θπ−θπ−= 20 20 112 414121 derederec iNiiNi  
( ) ,4
1 2
0
2
1∫ π θ θπ+ der iN  (2.2.8) 
( ) ( )∫ ∫π π θ−θθθ− θπ+θπ−= 20 20 113 414121 derederec iNiiNi  
( ) .4
1 2
0
2
1∫ π θ θπ− der iN  (2.2.9) 
Let .θ−= ieu  Then changing the variable of integration in ( )∫ π θθ− θ20 1 dere iNi  and 
( )∫ π θ−θ θ20 1 ,dere iNi  we have 
( )∫ ∫π θθ− =⎟⎠⎞⎜⎝⎛−=θ20 11 11 011 duuridere NiNi  
and 
( ) ( )∫ ∫π θ−θ =−=θ20 11 11 .011 duuruidere NiNi  
 Using this in (2.2.7), (2.2.8) and (2.2.9), we have 
( ) ,2
112
1 2
0
2
121 ⎥⎦
⎤⎢⎣
⎡ θπ+== ∫ π θ dercc iN  (2.2.10) 
( ) .2
112
1 2
0
2
13 ⎥⎦
⎤⎢⎣
⎡ θπ−= ∫ π θ derc iN  (2.2.11) 
Since ,122 =β+α  using (2.2.10) and (2.2.11) in ( ) 2221 β+α=ϕ ccPNk  
( ),Re2 3 βα+ c  we get 
( ) ( ) ⎥⎦
⎤⎢⎣
⎡ θπ+=ϕ ∫ π θ20 211 21121 derP iNN  
( ) ( )[ ].Re22
112
1 2
0
2
1 βα⎥⎦
⎤⎢⎣
⎡ θπ−+ ∫ π θ der iN  (2.2.12) 
The corollary follows by letting [ ]1,0t=ϕ  in (2.2.12). 
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3. The Falsity of the Conjecture 
If ,3=N  then we have from Corollary 2.2.3,  
( [ ]) ( ) ,2
112
11,0
2
0
23
1
3
1 ⎟⎟⎠
⎞⎜⎜⎝
⎛ θπ+= ∫ π θ derP it  
where 
( ) ( )( ) ( )
( )
( ) ( ) .
2
33
3
2
33
3
3
1 −
−+
++
+−
− λλ−λ
λ+λλ−λ
λ= zzzr  
The authors in [3] have shown that 
( ) ,
2
11 42
z
zz +±−=λ±    ,1−=λλ −+    .12 ⎟⎠
⎞⎜⎝
⎛ −=λ+λ −+ zz  
Using these we can write ( ) .
232 24
3
3
1 +−= zz
zzr  It is easily seen that ( )zr31  is odd, 
thus, ( ) ( ).3131 zrzr =  So we can write 
( [ ]) ( ) ( ) .2
112
11,0
2
0
3
1
3
1
3
1 ⎟⎟⎠
⎞⎜⎜⎝
⎛ θπ+= ∫ π θ−θ dererP iit  
Write 
( ) ( ) ( )∫ θ=θ θ−θ .3131 dererF ii  
Using Wolfram Mathematica Online Integrator, we have 
( ) ( )( )
( )
714
734log3
22314
34 2
42
2 +−−+++−
+−−=θ
θ
θθ
θ iie
ee
eF
i
ii
i
 
( ) ,
714
734log3 2 +−−
θ iie i  
from which we can show that ( ) ( ) .002 =−π FF  Thus, ( ) ( )∫ π θ−θ =θ20 3131 ,0derer ii  
and so ( [ ]) ( ) 2
1012
11,031 =+=tP  which contradicts the assertion made by the 
conjecture that ( [ ]) .3
21,031 =tP  
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4. Concluding Remarks and Open Problems 
If HU =  (the Hadamard walk), then we have given a formula for ( )ϕNkP  
irrespective of the initial location { }1...,,1 −∈ Nk  and the initial quibit state 
Φ∈ϕ  of the particle. In the particular case, 1=k  and [ ] ,1,0 Rt ==ϕ  we have 
shown Conjecture 11 of [3] does not hold in the case .3=N  If ,HU ≠  then there 
still remains the problem of finding a formula for ( )ϕNkP  in the likeness of Theorem 
2.2.2 of this paper. This problem has arisen as we have shown the flaw in Theorem 2 
of [3]. A more interesting problem will be to find absorption probabilities for 
quantum walks in general dimensionality with or without “traps.” 
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